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0. Introduction

The Fibonacci numbers was introduced by Leonardo of Pisa (1170-1240) in
his book Liber abbaci, book published in 1202 AD (see [9], p. 1, 3). These
numbers were used as a model for investigate the growth of rabbit populations
(see [4]). The Latin name of Leonardo was Leonardus Pisanus, also called
Leonardus filius Bonaccii, shortly Fibonacci. This name is attached to the
following sequence of numbers

0,1,1,2,3,5,8,13,21,...,
with the nth term given by the formula:

fn = fn—l + fn—27 n > 2,

where fo =0, f1 = 1.

Fibonacci numbers was known in India before Leonardo’s time and used
by the Indian authorities on metrical sciences (see [10], p. 230). These num-
bers have many properties which were studied by many authors (see [6], [2],
[10], [9]).

Narayana was an outstanding Indian mathematician of the XIV century.
From him came to us the manuscript “Bidzhahanity” (incomplete), written
in the middle of the XIV century. For Narayana was interesting summation
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of arithmetic series and magic squares. In the middle of the XIV century he
proved a more general summation. Using the following sums

1+243+...4+n=280",
S 4 4490 =52
SP 48P 4 49D =52

Narayana calculated that

nn+1)(n+2)...(n+m) *)
1.2:3-...-(m+1)

Sm) —

Narayana applied its rules to the problem of a herd of cows and heifers
(see [16], [12], [13], [1]).

Narayana problem ([1]). A cow annually brings heifers. Every heifer, begin-
ning from the fourth year of his life also brings heifer. How many cows and
calves will be after 20 years?

Narayana’s calculation is in the following:

1) a cow within 20 years brings 20 heifers of the first generation;

2) the first heifer of the first generation brings 17 heifers second generation,
the second heifer of the first generation brings 16 heifers second genera-
tion etc. The total in the second generation will be 17+16+...+1 = SS)
cows and calves;

3) the first heifer of the seventeen heifers of the second generation brings 14
heifers of the third generation, the second heifer of the seventeen heifers
of the second generation brings 13 heifers of third generation, etc. The
total heifers of the first generation brings 13+12+4...+1 = Sg) heads.
Now, all heifers of the second generation brings Sﬁ) +S%) +.. .+S§1) =
SS) heads in the third generation.

Similarly, Narayana calculated total number in the herd after 20 years:
n=1+20+5" +5% +. .. +59.
Using formula (*), he obtained:

17-18 14-15-16 2-3-4-5-6-7-8
n=1420-+ 12 + 123 +1-2-3~4-5-6-7i2745'

This problem can be solved in the same way that Fibonacci solved its
problem about rabbits (see [8], [9], [12], [13]).

In the beginning of the first year were 1 cow and 1 heifer which born. We
have now 2 heads. In the beginning of the second year and in the beginning of
the third year the number of heads increased by one. Therefore the number
of heads are 3 and 4, respectively. From the fourth year, the number of heads
in the herd is defined by recurrence formulae:

Ty=T3+ 21,05 =T4+ T2,...,Tpn = Tp—1+ Tn-3,
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since the number of cows for any year is equal with the number of cows of
the previous year plus the number of heifers which was born (= number of
heads that were three years ago) (see [1]).

We have the sequence

2’37476395"'3 Unp+1 = Up + Up—2.

Computing, we obtain that ugg = 2745 (see [8], [9], [12], [13], [1]).
Now, we can consider the sequence

1717132337476793"-7 Up+1 = Up + Un—2,

with n > 2,up = 0,u1 = 1,us = 1. These numbers are called the Fibonacci-
Narayana numbers (see [3]).

In the same paper [Di, St; 03], authors proved some basic properties of
Fibonacci-Narayana numbers, namely:

1) ug+ug+ ...+ up = tUpesg — 1.
) ur+ug Fur . AUz = Usp_1.
) uz 4+ us +us + ...+ Usp_1 = Usp.
4) U3 + uUg +Ug + ...+ uUsn = U3n+1 — 1.
) Untm = Un—1Um+42 + Up—2Um + Up—3Um+1-
) Uzp = up iy ULy — U,
) If in the sequences {un,}, n = 7k +4,n = 7k + 6, n = Tk, when k =
0,1,2,..., then u, is even.
8) If in the sequences {u,} n = 8k,n = 8k —1,n = 8k — 3, when
k=0,1,2,..., then 3 | u,.
Another property of Fibonacci-Narayana numbers was proved in [14].
For all natural n > 2, we have

[n/3]
Up = Z Em/g]un—[n/3]—2ma
m=0
where [a] is an integer part of a and Gk = ﬁlk),, kKl=1-2-3-...-k,keN.

Let H (81, B2) be the generalized real quaternion algebra, the algebra
of the elements of the form a = ay - 1 + ases + azes + ageq, where a; €
R,i € {1,2,3,4}, and the basis elements {1, e, e3,e4} satisfy the following
multiplication table:

. ‘ 1 €9 €3 €4

1 1 es es ey
es ez —pi €4 —pBies
es e3 —es —P2  Paes

eq eq Pres —Poes =B

We denote by t (a) and n (a) the trace and the norm of a real quaternion
a. The norm of a generalized quaternion has the following expression n (a) =
a? + Brad + Baa? + B1Beai. For B = B2 = 1, we obtain the real division
algebra H.
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1. Preliminaries

In the present days, several mathematicians studied properties of the Fi-
bonacci sequence. In [6], the author generalized Fibonacci numbers and gave
many properties of them:

hen =hn1+ hn727 n > 2,

where hg = p,h1 = ¢, with p,q being arbitrary integers. In the same pa-
per [6], relation (7), the following relation between Fibonacci numbers and
generalized Fibonacci numbers was obtained:

Nyt :pfn"‘anJrl' (1'1)

The same author, in [7], defined and studied Fibonacci quaternions and gen-
eralized Fibonacci quaternions in the real division quaternion algebra and
found a lot of properties of them. For the generalized real quaternion al-
gebra, the Fibonacci quaternions and generalized Fibonacci quaternions are
defined in the same way:

Fo = fn- 1+ fai1e2 + fnioes + foisea,
for the nth Fibonacci quaternions, and
H,=h, 1+ hn+162 + hn+263 + hn+3647

for the nth generalized Fibonacci quaternions.
In the same paper, we find the norm formula for the nth Fibonacci
quaternions:

where F, = fn -1 — fny1€2 — fnio€s — fnizes is the conjugate of the F), in
the algebra H. After that, many authors studied Fibonacci and generalized
Fibonacci quaternions in the real division quaternion algebra giving more
and surprising new properties (for example, see [15], [11] and [5]).

M. N. S. Swamy, in [15], formula (17), obtained the norm formula for
the nth generalized Fibonacci quaternions:

n (Hn) = Hnﬁn
= 3(2pq — p2)f2n+2 + (P2 + q2)f2n+3,
where H,, = h,, -1 — hpt1e2 — hpioes — hyiseq is the conjugate of the H,, in
the algebra H.

Similar to A. F. Horadam, we define the Fibonacci-Narayana quater-
nions as

Un = un - 1+ unq1€2 + Unj2€3 + Unyseq,
where u,, are the nth Fibonacci-Narayana number.

In this paper, we give some properties of generalized Fibonacci quater-
nions and Fibonacci-Narayana quaternions.
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2. Generalized Fibonacci Quaternions

As in the case of Fibonacci numbers, numerous results between Fibonacci
generalized numbers can be deduced. In the following, we will study some
properties of the generalized Fibonacci quaternions in the generalized real
quaternion algebra H (81, 82). Let F,, = f - 1+ fui1e2 + fng2e3 + fuyses be
the nth Fibonacci quaternion and H,, = hy, -1+ hpt1€2+hptroes+ hyyseq be
the nth generalized Fibonacci quaternion. A first question which can arise is
what algebraic structure have these elements? The answer will be found in
the below theorem, denoting first a nth generalized Fibonacci number and a
nth generalized Fibonacci element with h?:9, respectively HE-9. In this way,
we emphasis the starting integers p and q.

Theorem 2.1. The set H,, = {H?? [/ p,q € Z} U{0} is a Z-module.

Proof. Indeed, aHP4 +bHP 4" = Hopttp'aatbd’ ¢ 3( where a,b,p,q,p',q €

Z. O
Theorem 2.2. i) For the Fibonacci quaternion elements, we have
S ()™ Ey = (-1)" Fasi+ 1+ es +ea. (2.1)
m=1

ii) For the generalized Fibonacci quaternion elements, the following relation
s true,

n
Z (=)™ HPA = (=1)" T HPY — prg+pes+qes +pes+qea. (2.2)
m=1
Proof. i) From [2], we know that

n

(D)™ = ()" o + L (2.3)

3
Il

It results:

= Z (_1)m+1 Im +e2 Z (_1)m+1 fmt1
m=1

_|_

€3 Z (=)™ fnga + €4 Z (=)™ fnss
m=1

m=1

= ("™ ot 4 1= el 4+ (1) f]

e [(~0" a1 (S fusn + (1) s

—eal(=)" fumt = 14 ()" fagn + (1" faa + (1) fug
= ()" fa L ()" eafu e (1) [ faga + (<)
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—ea (1" [~ furz = ()"
= (=1)"" (fac1 + fre2 + fryres + fag2es) + 1+ €3+ ey
= (_1)n+1 F,_1+1+e3+ey.
ii) Using relations (1.1) and (2.3) ,we have

n

> (=1

m=1
n n
=D ()" R ey > (—1) RR
m=1 m=1
n
tes Y (D", ey Z 1"
m=1

=Y D" pfma+ Z (=)™ qfm
m=1

+ ez Z (_1)m+1 pfm + €2 Z (_1)m+1 qu+1

m=1 m=1

tes Y (D" pfmrites Y ()" qfimse

m=1 m=1

tey Z (=)™ pfmi2 +ea Z (=)™ qfimys

m=1

=p(-1 nilfvz—Q_p+Q( D)™ fuo1 44
(=" fums +pez + eaq [(=1" furs = (<" fui]
(0" far = (<) fucd]
+eaq [~ famt + 14+ (1" fusr + (D" fa
(D™ fact + 14+ (1" Frsr + ()" fa)
(0" fumt =1 (21" frr + (1" foa + (<" fugal

=p(-1)"" foa—p+q(-1)"" fuii g

(=)™ furt +pea + e2q (1) fr +esp (1) £,
+e3q (_1>n+1 [fn—l + (_1)n+1 - fn-i-l + fn+2]
+eap (=)™ [famt + (1" = fara + furo]
—esq (—1)"H [fn—l — (=)™ = fag1 + faga — fn+3}

=p(=1)" foo—p+aq(=1)"" fuii 4 g

+ eap
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+eap (1) fuor +pea + e2q (1) i+ eap (1) £,
eaq (<" [Fusr + (1" ean ()" ()" 4 fua]
—eaq (1) [~ fure = (<)

= (1" HPY — p+ g + pea + ges + pes + gea.

From the above Theorem, we can remark that all identities valid for
the Fibonacci quaternions can be easy adapted in an approximative similar
expression for the generalized Fibonacci quaternions, if we use relation (1.1),
a true relation in the both algebras H (81, 82) and H.

Proposition 2.3. If hy,11 = pfrn + qfns1 = 0, then we have:
2 @ o
Hy = 3F [f3ni1 — frt1fn—2font2] (2.4)

where H2 ., € H (B, B2) -

Proof. Since h,11 = 0, it results that ¢ (H,11) = hy,11 = 0, therefore

n(Hn+1> = H72z+1' From h,, = pfn + anJrl = 0, we have p= _qf;% and
we obtain:
2 02 2
2 q° it o g1 G frs1fn—2
p°+2pg = —2q = -
f2 fn fi
and
2 £2 2 2
q fn n + fn f2 1
PP+t = =g +}2 =q ;; :
since f2, 1+ fr = fany1.
It results
n (Hpt1) = 3[(0* + 209) fant2 + (0° + ¢°) fon+1]
3L [ firfuoafonss + Fna] 0
- f72L n+lJ/n—2/2n42 2n+1]"

In the following, we will compute the norm of a Fibonacci quaternion
and of a generalized Fibonacci quaternion in the algebra H (31, 52) .

Let F, = fr- 14+ far1e2+ fnioes+ fnaseq be the nth Fibonacci quater-
nion, then its norm is

’I’L(Fn) = fs + ﬂ1f721+1 + BngJrQ + ﬁlﬁ2f§+3~

Using recurrence of Fibonacci numbers and relations

R+ fry=fam1, neEN, (2.5)

f2n:f3,+2fnfnfla ’I’L€N7 (26)
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from [2], we have

n(F,) = fi+ 51f3+1 + 52f72l+2 + 5162f721+3

= fi+Bifri+ B2 (fava+ Bifiss)

= font1 + (B1 = 1) f2i1 4 B2 (fonss + (B1 — 1) f213)

= font1 + Bafonss + (B1 — 1) (fisy + Bofrrs)

= (14282) font1 + 3B fonta + (Br — 1) (fi1 + Bafiss)

= h;:ig%:sm + (81— 1) ( 7%+1 + /82f7%+3)

= hy 25097 4 (B = 1) (fansz — 2fnfusr + Bafonts — 2B2fat2fuss)

= hyt255%% 1 (By — D)[fanse + Bafonso — 2 (fufusr + Bafatzfors)]

= hy 357°% + (B = Dl fans2 + Bafants
=2 (fufas1H+B2friotBofni1 frie)]

= hé:igz’gﬂz + (B1 = Dl fon+2 + Bafonto
— 2 (fafnr1HBef ot BIE i +B2 nfnt1)

= hyt255%% 1 (B) — D)[fansa + Bafonso — 2(1+ B2) fufus1 — 282 fon+s]

= hy 257 4 (B1 — D[ fonta + Bofonsa + Bafonts + Bofonsa — 282 fonts
= 2(1452) fafot1]

= hon2502°% 4+ (B1 = D[ fans2 + 2B2fanta — Bafonss — 2 (1452) fufns]

= hy 152%%2 4 (B — Dl fanta + 282 fons2 + 22 fonts — Bafants
—2(1482) fnfnsl

= hy 2527 4+ (B1 — D)[(1+ 2B2) fonsa + Bafonss — 2 (1482) fu futi]

= g 35 4 (Br = Dlhgn 57" = 2(1482) fofosr]

= honty ™ 4 (B = Dhoy 3577 = 2081 = 1) (1462) fu 1.

We just proved

Theorem 2.4. The norm of the nth Fibonacci quaternion F,, in a generalized
quaternion algebra s

n (F,) =hgt 352%% 4+(B1-1)hy 2527 2(B1-1) (1482) ffrs1- (2.7)

Using formula (2.7) and relation (1.1) when $; = 82 = 1, we obtain
formula (1.2).

Using the above theorem and relations (2.5) and (2.6) , we can compute
the norm of a generalized Fibonacci quaternion in a generalized quaternion
algebra. Let H,, = hy,, - 1 + hyy1€2 + hyyoes + hyi3eq be the nth generalized
Fibonacci quaternion. The norm is
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n (HE) = bl + Bihe oy + Bahi o + B2k 5
= (pfa-1+afn)” + Bt (Pfatafus1)” + Bo (Pfus1+afnsa)’
+ B1B2 (pfusotafuss)’
=p (fi_ +Bifr+Bafiiy + BiBafrys)
+ @ (f7 + Bufis + Bafrys + BiBaflis)
+2pq (fa—1fn + Brfufnir + Bafuiifore + BiBafnrsfuiz2)
= PPy 27 g (By = Do 27 = 20 (81 = 1) (1452) fa-1 fu
+ oy 15+ 6P (B = Dhop 1577 = 263 (B1 = 1) (1462) Fufuin
+2pq (1-P1) fnfn—1+ 2paB1 fan + 2pgB2 (1-B1) fn+1fnt2 + 2paB1 B2 fan+a
= PPhy P (B — Dot 4+ PRyt 4 P (B — 1o 2o
—2p(B1 = 1) (pB2 + P+ q) fno1fn —2¢°(B1 — 1) (1452) fufrsa
+ hgﬁqflﬂpqmgQ + 2pqBi1B2(fon + fonts) +2paBa (1 — B1) fai1fara
From the above, we proved

Theorem 2.5. The norm of the nth generalized Fibonacci quaternion HE9 in
a generalized quaternion algebra is

n (HET) = pPhi 275 4 p2 (81 — )byt 3507 4 g2yt 3005
+ (B = Dy 357 = 2p (b1 = 1) (pB2 +p + @) fu-rfa
— 263 (B1 — 1) (14B2) fu frsr + hoRATH2PIP102
+ 2pgB1B2(fon + fon+3) + 2paB2 (1 = B1) fat1 fate. (2.8)

It is known that the expression for the nth term of a Fibonacci element
is
= —[a"-8"=—4<[1-—], 2.9
fa \/5[ 8" \/5[ ] (2.9)
where o = 1+T\/g and 3 = 1_2‘/5.
From the above, we can compute the following,

lim n (F,) = nlillgo(fﬁ + Bif2 + Bafiis + BiBafrys)

n—oo

2n+6

2n 2n—+2 a2n+4 )
5

.« a a
= lim (—+A +02 3
n—oo

+5182

n—oo. b 5

= Sgl’lE(ﬁl,Bg) - 00
where
LBy By BB g
=Grpatga )

(14 B (a+1)+ B2 (3 +2) + 152 (8a +5))

1+ 814282+ 56182 + a(B1 + 362 + 86152)],
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since a® = o + 1.
If E(B1,B2) > 0, there exist a number n; € N such that for all
n > n; we have
han 35727 4 (Br = Dhgt 1527 = 2(81 — 1) (14 B2) fufura > 0.
In the same way, if E(f1, 82) < 0, there exist a number ny € N such that for
all n > ny we have
han 35727 4 (Br = Dhgt 1527 = 2(81 — 1) (14 B2) fufua <0.

Therefore for all 51,082 € R with E(S1,82) # 0, in the algebra H (81, 52)
there is a natural number ng = max{ni,n2} such that n (F,) # 0, hence F,
is an invertible element for all n > ng. Using the same arguments, we can
compute

lim (n (H}) = lim (hj + Bihi gy + Bk o + BiBahs i)

n— oo

= lim ((pfu-1 +afu)* + B (pfa + afus1)” + B2 (Pfuss + afusa)’

+ 8182 (Dfata + afnta)’]
- SgnEl(BhﬁQ) - 00

where
E'(B1, B2)
= %[(p +aq)’ + B1 (pa + a%q)” + Ba (pa® + 0®q)” + B15s (pa® + a'q)”]
= (0 [L+ $i0” + faa* + i)
= % (p+aq)” E(B1, B2).

Therefore for all 31, B2 € R with E'(81, 82) # 0 in the algebra H (31, 82)
there exist a natural number n{, such that n (H??) # 0, hence HZ? is an
invertible element for all n > ny.

Now, we proved

Theorem 2.6. For all 51,82 € R with E'(1,82) # 0, there exists a natural
number n’ such that for all n > n’ Fibonacci elements F,, and generalized
Fibonacci elements HE? are invertible elements in the algebra H (51, B2) .

Remark 2.7. Algebra H (31, 82) is not always a division algebra, and some-
times can be difficult to find an example of invertible element. Above The-
orem provides us infinite sets of invertible elements in this algebra, namely
Fibonacci elements and generalized Fibonacci elements.

3. Fibonacci-Narayana Quaternions

In this section, we will study some properties of Fibonacci-Narayana elements
in the algebra H (51, f2).
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Theorem 3.1. For the Fibonacci-Narayana quaternion U, we have

n

ZU = Upyz — Uy,

m=0
n
Z Usm = Uspg1 — 1 — ey
m=0
Proof. a)
n+1 n+4-2 n+3
ZU = Zum+622um+egzum+e42um7:

m=2

n n
Since ug = 0, we consider that the term Y w,, is equal with > u,,. We
m=0 m=1
can use property 1) from the introduction and we obtain

(*) =Un+3 — 1+ €2(Unta — 1) + €3(unt5 — 2) + €4(un+6 — 3)
= Up43 — (1+62+263+364) Un+3 7U2.

n n
b) Since ug = 0, the term > sy, is equal with > wus,,, therefore

m=0 m=1
E Uz = E Uzm, + €2 E Ugm+1 + €3 E Ugm+2 + €4 E U343 =2 (¥%);
m=0 m=0 m=0 m=0

using properties 4), 2), 3), and again 4), we have

(%) = ugnt1 — L+ usnyoe2 +usnizes+ (Ugnya —1)es = Uspyp1 —1—eq. O

Let {u,} be a Fibonacci-Narayana sequence, and let U, = u, -1 +
Upt1€2 + Upt26€3 + Unt3eq be the nth Fibonacci-Narayana quaternion.

The function f(x) = ag + a1 + asz?® + ... + a,a™ + ... is called the
generating function for the sequence {ag, a1, as,...}. In [5], the author found
a generating function for Fibonacci quaternions. In the following theorem,
we established the generating function for Fibonacci-Narayana quaternions.

Theorem 3.2. The generating function for the Fibonacci-Narayana quater-
nion U,, is

Uy -/-(U1 -Uo)t+(U2-U1)t2 _ei1tez+fes +(1 +€3)t + (62 +63)t2

Glt)= 1—1—¢3 - 1—t— 3

(3.1)

Proof. Assuming that the generating function of the quaternion Fibonacci-

Narayana sequence {U,} has the form G(t) = >_ U, t", we obtain that
n=0
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Z Ut —t Z U, " — t3 Z U, t"

n=0 n=0 n=0

= Uy + Ust + Ust? + Ust® + ... — Upt — Uy t? — Ust® — Ust* —
— Upt?® = Uyt* — Ust® — Ust® —

= Uy + (U, — Up)t + (Uy — Uy )t2,

since U,, = U, _1 + U,,_3,n > 3 and the coefficients of t" for n > 3 are equal
with zero.
It results

Up+(Ur — Up)t+(Uy = U)t?=> " Unt™ (1 —t — t%),
n=0

or in equivalent form

U0+(U1 Uo)t+ U2 - Ul n
1—t—13 §:Ut

The theorem is proved. O

Theorem 3.3 (Binet-Cauchy formula for Fibonacci-Narayana numbers). Let
Up = Up—1 + Un—3,n > 3 be the nth Fibonacci-Narayana number, then

(Oé—ﬂ) (ﬂl_,_y) ("}’—Oz) [Om-i—l (’Y-ﬁ) +Bn+1 (a_,y) +,yn+1 (6'05)] : (32)

where a, 8,7 are the solutions of the equation t3 —t?> — 1 = 0.

Up, =

Proof. Supposing that u, = Aa™ + BS"™ + Cy™, A, B,C € C and using the
recurrence formula for the Fibonacci-Narayana numbers, u,, = uy—1 + tpn—3,
it results that «, 3, are the solutions of the equation #3 — ¢ — 1 = 0. Since
up = 0,u1 = 1,uy = 1, we obtain the following system:
A+ B+ C =0,
Aa+ B+ Cy =1, (3.3)
Aa? + BB?+Cy? = 1.

The determinant of this system is a Vandermonde determinant and can be

computed easily. It is A = (a-8) (8-7) (y-a) # 0.
Using Cramer’s rule, the solutions of the system (3.3) are

_ a(y—p) _ o
(a=BB-7v(v—a) B-a)(y—a)
_ Bla—9) _ B
(a=B)B-7r)(r—a) (a=B)(y-8)
7B —a) _ gl

C:

(a=B)B-7)(v—a) B-7)(a—7»)

therefore relation (3.2) is true. d
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Theorem 3.4 (Binet-Cauchy formula for the Fibonacci-Narayana quater-
nions). Let U, = uyp - 1 + upt1€2 + Upy2€3 + Unizeq be the nth Fibonacci-
Narayana quaternion, then

an+1 5 ﬁn-{—l F ,yn-&-l
(B-a) (r-a) (@B (v-B) T (B ()

where a, 3,7 are the solutions of the equation t3 —t?> —1 =0 and

U,=D (3.4)
D =1+ ae; + a’es + a363,

E =1+ Ber + B%es + Bles,

F =14ve; +~2es + 73es.

Proof. Using relation (3.2), we have that
Un=1tp -1+ upy1€2 + Upi2e3 + Upisey

1 anJrl _ n+1 Q- n+1 Qv .

+ (oz'“r2 v - /3 + 8" (@ =)+ (B - a)) er

+ (@2 (v = B) + 8" (@ =)+ (B~ a)) e

+ (an+4 6n+4 (a _ ’Y) + ,7n+4 (6 a)) 63]
1

_ an+1 _ aey a262 0636
Wa—ﬁ)(ﬁ—v)(v—a)[ (1-B) (1+aer+a’erta’es)

+ 8" (a=y) (14 Ber + B%ex + Bes)
+ 4" (B-) (14 ve1 +7Pea +es)]. O
For negative n, the nth Fibonacci-Narayana number is defined as in the

following: w,, = Upt3 — Unt2, ug = 0,u; = 1,us = 1. In the same way is
defined the Fibonacci-Narayana quaternion U,, for negative n.

Theorem 3.5. Let U, = up-14+upy1€2+Unt2e3+uny3eq be the nth Fibonacci-
Narayana quaternion, therefore the following relations are true:

1) ZC;Um&Fl = Usp—1.

i=0
2) Z%Uzm—zi—l = Uyp—1.
i=0
Proof. 1) Using Newton’s formula, it results that
(2 +1)" =00 ()" +CL ()" +C2(»)" P +...+C"
=00 - CLe*m 2 + G244 ...+ O
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From here, we have that

> i Uzn—2i-1
i=0
=C%Usn—1 +ChUzp—3 +C2Usp_5 +... +CrU_4
2n 2n 2n
—C° (D @ g0 j— )
"B —a) @B -8 (B (a—)

1 o?n—2 6277,—2 72n—2
+8 (2o * B T ) *

. 1 1 1
+C (D oo Fanes ey (a—v)>

_ Dm(ﬂ?pﬂ” +Cla?2 4 . 4 Cr1)
+ Em(ﬁﬁﬂ% +0.67 72+ + B
+ Fm(ﬂﬁ’;f” +0y™ 7+ 0o
= Dm (a2+1)" + Em (8> +1)"
+ Fm (v*+1)"
_ Dmoﬁ” + Emﬁ”” + Fmv?’” = Usp—1.

We used that o® =a? + 1,83 =82 +1,72 =2 + 1.

2) Since t* = t? + 1, starting from relation (¢ 4 t) "= ¢4 for
t € {«a, 8,7}, by straightforward calculations as in 2), we obtain the asked
relation. ]

Conclusions

In this paper we investigated some new properties of generalized Fibonacci
quaternions and Fibonacci-Narayana quaternions. Since Fibonacci-Narayana
quaternions was not intensive studied until now, we expect to find in the
future more and surprising new properties. We studied these elements for the
beauty of the relations obtained, but the main reason is that the elements of
this type, namely Fibonacci X elements, where X € {quaternions, general-
ized quaternions}, can provide us many important information in the algebra
H (B1, B2) , as for example: sets of invertible elements in algebraic structures
without division.

Acknowledgements. Authors thank referee for his/her patience and sugges-
tions which help us to improve this paper.
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